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In this paper, inhomogeneous deformation of a temperature-sensitive hydrogel has been studied and
analyzed under arbitrary geometric and boundary conditions. We present the governing equations and
equilibrium conditions of an isothermal process based on the monophase gel ﬁeld theory of hydrogel
via a variational approach. We have adopted and implemented an explicit form of energy for tempera-
ture-sensitive hydrogel in a three-dimensional ﬁnite element method (FEM) using a user-supply subrou-
tine in ABAQUS. For veriﬁcation purpose, a few numerical results obtained by the proposed approach are
compared with existing experimental data and analytical solutions. They are all in good agreement. We
also provide several examples to show the possible applications of the proposed method to explain var-
ious complex phenomena, including the bifurcation, buckling of membrane, buckling of thin ﬁlm on com-
pliant substrate and the opening and closure of ﬂowers.
 2013 Elsevier Ltd. All rights reserved.1. Introduction
Flexible long-chained polymers can form a three-dimensional
network by crosslinking through covalent bond. When the elasto-
mer is submerged into a solvent, the network imbibes the solvent
and swells, resulting in an elastomer gel. Determined by the func-
tional group along the polymer chain, the deformation of the
hydrogel can be affected by many stimuli including ionic concen-
tration (Tanaka et al., 1980), temperature (Otake et al., 1990),
forces (Doi, 2009), pH values (Marcombe et al., 2010) and electrical
ﬁeld (Osada and Gong, 1998; Shiga, 1997). Such stimuli-responsive
gels have become a good material choice in diverse applications.
For example, the capability of large and reversible deformation
makes gel an attractive candidate material for sensors (Beebe
et al., 2000; Westbrook and Qi, 2008), actuators (Carpi et al.,
2009) and microvalves (Richter et al., 2004), whereas the biocom-
patibility and softness assure promising applications in the area of
bioengineering, drug delivery devices (Dong et al., 2006; Peppas
et al., 2006; Wichterle and Lim, 1960) and tissue engineering
(Lee and Mooney, 2001).
The diverse applications and the complex material behavior
observed in experiments (Guvendiren et al., 2009; Kuhn et al.,
1950; Matsuo and Tanaka, 1992; Mora and Boudaoud, 2006;
Southern and Thomas, 1965; Sultan and Boudaoud, 2008; Tanaka
and Sigehuzi, 1994; Tanaka et al., 1987; Tirumala et al., 2005;
Trujillo et al., 2008; Yang et al., 2010; Zhang et al., 2008) havell rights reserved.
x: +86 2982668087.
unliu@nus.edu.sg (Z. Liu).motivated a large number of theoretical and numerical studies
on hydrogel. The theoretical study dated back to more than a cen-
tury ago. Gibbs (1878) proposed a thermodynamic theory of mo-
bile molecules in an elastic solid. Biot (1941) derived the
governing equations for the mass transport in a porous medium
using thermodynamic theory and Darcy’s law. Flory and Rehner
(1943) developed a statistical-mechanical model for hydrogel.
Baek and Srinivasa (2004) introduced a model of slow diffusion
into a swelling solid undergoing large deformation. Dolbow et al.
(2004) formulated a continuum model for chemically induced vol-
ume transition in hydrogel. Hui and Muralidharan (2005) did a
comparison of the theories of Biot, Tanaka and Hocker, and
Benedek. Other subsequent contributions include those work (An
et al., 2010; Baek and Pence, 2011; Cai and Suo, 2011; Cai and
Suo, 2012; Chester and Anand, 2010; Doi, 2009; Hong et al.,
2009; Hong et al., 2010; Hong et al., 2008; Li et al., 2007;
Marcombe et al., 2010; Zhang et al., 2012). Another group of
researchers adopted the numerical approach to study the behavior
of gels. Birgersson et al. (2008) studied a transient analysis of tem-
perature sensitive gels using COMSOL MULTIPHYSICS. Hong et al.
(2009) and Kang and Huang (2010) have developed FEM for gels
in equilibrium while Marcombe et al. (2010) implemented FEM
for pH-sensitive hydrogel under mechanical constraint. Zhang
et al. (2009) formulated FEM for transient analysis of concurrent
large deformation and mass transport in gels. Park et al. (2012)
developed a dynamic FEM for inhomogeneous deformation and
electromechanical instability for elastomer transducers. Recently,
Cai and Suo (2011) modiﬁed the Flory–Rehner model for neutral
gel by adopting the interaction parameter as a function of
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lyze the deformation of the poly-(N-isopropylacrylamide) hydro-
gel. With a speciﬁc material model, such a theory enables
analysis for the deformation of temperature-responsive hydrogel
under different geometric and mechanic constraints.
In the current paper, we seek to fulﬁll three objectives. First, we
construct a general theory of temperature-responsive hydrogel
undergoing inhomogeneous deformation using a variational ap-
proach (Hong et al., 2009; Kang and Huang, 2010). A set of govern-
ing equations coupled the mechanical and chemical equilibrium is
presented explicitly. Second, a speciﬁc material model is employed
in ﬁnite element implementation by providing a user deﬁned sub-
routine in the commercial software ABAQUS. This implementation
enables us to analyze diverse phenomena including large deforma-
tion, contact, bifurcation, buckling of hydrogel, etc. Finally, we
present several examples and compare the proposed simulation re-
sults with experimental data and analytical solutions. Hopefully,
our model and subroutine were able to provide a powerful tool
for other researchers to study the complex phenomena involving
gels and the examples provided could give certain illuminating in-
sights for further study.
The plan of this paper is as follows. In Section 2, we elaborate on
the governing equations and equilibrium conditions for a gel
undergoing inhomogeneous deformation under arbitrary geomet-
ric and boundary conditions. Section 3 describes the explicit free
energy function using the Flory–Huggins theory while a ﬁnite ele-
ment method for numerical simulation of the temperature-respon-
sive hydrogel is developed, implemented and elaborated in Section
4. After introducing the deﬁnition of phase transition in Section 5,
analytical and numerical solutions for homogeneous deformation
are compared in Section 6. In Section 7, we apply the proposed
model to explain the complex phenomena observed in the experi-
ment such as bifurcation, buckling of swelling gel opening and clo-
sure of ﬂower and buckling of thin ﬁlm. This is followed by the
concluding remarks in the last section.(b)(a)
Fig. 1. Schematic illustration of (a) the reference state and (b) the equilibrium state
of hydrogel.2. A thermodynamic model of hydrogel
In this paper, we focus our discussion on FEM implementation
for temperature sensitive hydrogel. We present the mono-phase
gel theory which is developed by Suo’s group (Hong et al., 2008)
and elaborated more rationally by Kang and Huang (2010). Since
the free energy function form in Kang and Huang’s paper is more
general, we adopt Kang and Huang’s form instead of that of Hong
et al. (2009) and follow the latter’s approach to present the
mono-phase gel theory in this section.
2.1. Governing equation
Consider a hydrogel body (current state) of volume X enclosed
by a surface C, subject to a body force bi and surface traction ti.
When the hydrogel is immersed in a solvent of chemical potential
~l, the solvent molecule can enter or leave polymeric gel across the
surface C. In addition, the surface C may be mechanically con-
strained or chemically isolated from the solvent. To study the gel
deformation, consider an inﬁnitesimal process. In a short time dt,
the displacement ﬁeld in the reference coordinate is denoted by
dx(X), and the work done dH by the environment is,
dH ¼
Z
X
bidxidV þ
I
C
tidxidS
I
C
~lnkdikdS ð1Þ
where dik is the molecular ﬂux density deﬁned as the number of sol-
vent molecules across per unit area of a surface element with the
surface normal in the xk direction, nk is the kth component of the
unit normal vector on the surface and the product nkdik givesthe number of solvent molecules entering the gel across unit area
surface. We have adopted the dummy sum notation but ignored
the injection of solvent molecules by source or distributed pump
that was previously included in the theory by Hong et al. (2008)
as we consider the whole domain of the hydrogel and the molecules
can enter the hydrogel only through the boundary. The governing
equations for the hydrogel are brieﬂy described in this section
(Hong et al., 2008; Kang and Huang, 2010). Let U denote the free en-
ergy of the whole hydrogel, and w(x) be the free energy density. In
an inﬁnitesimal process, the variation of the whole energy of the
hydrogel is,
dU ¼ d
Z
X
wdV
 
ð2Þ
In addition, the mass conservation of the water molecule requires
that
d
Z
X
cdV
 
¼ 
I
C
nkdikdS ð3Þ
where c is the concentration of the solvent molecule in the hydro-
gel. Eq. (3) implies that the mass change of the molecules inside
the gel is due solely to the molecular movement of the gel through
its boundary. This is valid since we have assumed that there is no
distributed pump or source inside the gel.
It is normally convenient to work in the reference coordinates.
The hydrogel has a ﬁxed volume X0 and surface C0 in reference
coordinates, X. As shown in Fig. 1, the deformation gradient tensor
F, mapping the reference coordinates to the current coordinates, x,
is deﬁned as,
Fik ¼ @xiðXÞ
@Xk
ð4Þ
The differential volume and differential surface area at the current
state are related to those in the reference state by
dV ¼ JdV0 ð5Þ
nidS ¼ AiLNLdS0 ð6Þ
where NL is the Lth component of the unit normal on the surface at
the reference state and J = det(F) and AiL ¼ 12 eijkeLMNFjMFkN
Then the nominal quantities can be deﬁned as follows: the
nominal body force B: BidV0 = bidV; the nominal surface traction
T: TidS0 = tidS; the nominal molecular ﬂux density I: NkdIKdS0 =
nkdikdS; the nominal free energy density W: WdV0 = wdV; and the
nominal molecular concentration C: CdV0 = cdV. Thus, Eqs. (1)–(3)
can be rewritten in terms of the nominal quantities respectively as:
dH ¼
I
Xo
BidxidV0 þ
I
Co
TidxidS0 
I
Co
~lNKdIKdS0 ð7Þ
dU ¼
Z
Xo
dWdV0 ð8ÞZ
Xo
dCdV0 ¼ 
I
C0
NKdIKdS0 ð9Þ
Thermodynamic process requires that the free energy of the whole
systemmust decrease or remain the same. Thus for the system con-
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free energy has the following form:
dG ¼ dU  dH 6 0 ð10Þ
A combination of Eqs. (7), (8), (10) gives,Z
Xo
dWdV0 
I
Xo
BidxidV0 
I
Co
TidxidS0 þ
I
Co
~lNKdIKdS0 6 0 ð11Þ
Eqs. (9) and (11) can be considered as the governing equations for
the hydrogel undergoing any inﬁnitesimal process. Speciﬁcally,
Eq. (11) governs the variance of energy and Eq. (9) conserves the
mass in the process.
2.2. The equilibrium conditions
Eqs. (7), (8), (10) are always true for any inﬁnitesimal process.
Let us consider the equilibrium state. In the process, the change
of the free energy of the whole system vanishes, i.e.,
dG ¼ dU  dH ¼ 0 ð12Þ
Substitute Eqs. (7) and (8) into Eq. (12), we getZ
Xo
dWdVo ¼
I
Xo
BidxidV0 þ
I
Co
TidxidS0 
I
Co
~lNKdIKdS0 ð13Þ
Assume a general form of the nominal free energy density function
W(F,C) at a certain temperature, thus the left side of Eq. (13) can be
written asZ
Xo
dWdVo ¼
Z
Xo
@W
@Fik
dFikdVo þ
Z
Xo
@W
@C
dCdVo ð14Þ
Apply the divergence theorem to Eq. (9), we obtain
dC ¼  @ðdIKÞ
@XK
in X0 ð15Þ
Substituting Eq. (15) into Eq. (14) leads toZ
Xo
dWdVo ¼
Z
Xo
@W
@Fik
dFikdVo 
Z
Xo
@W
@C
@ðdIKÞ
@XK
dVo ð16Þ
Apply the divergence theorem to Eq. (16), we getZ
Xo
dWdVo ¼
I
Co
@W
@Fik
NKdxidSo 
Z
X0
@
@XK
@W
@Fik
 
@xidVo

I
C0
@W
@C
NKdIKdSo þ
Z
X0
@
@XK
@W
@C
 
dIKdV0 ð17Þ
Combining Eqs. (13) and (17) yields the following equilibrium
condition.I
Co
@W
@FiK
NK  Ti
 
dxidSo 
Z
Xo
@
@XK
@W
@FiK
 
þ Bi
 
dxidVo

I
Co
@W
@C
 ~l
 
NKdIKdSo þ
Z
Xo
@
@XK
@W
@C
 
dIKdVo ¼ 0 ð18Þ
Eq. (18) holds for any arbitrary volume of the hydrogel. It is thus
required that,
@
@XK
@W
@FiK
 
þ Bi ¼ 0 in Xo ð19Þ
@
@XK
@W
@C
 
¼ 0 in X0 ð20Þ
@W
@FiK
NK ¼ Ti or dxi ¼ 0 on Co ð21Þ
@W
@C
¼ ~l or NkdIk ¼ 0 on Co ð22Þ
Deﬁne the nominal stress and chemical potential as the work con-
jugates of the deformation gradient and solvent concentration:siK ¼ @W
@FiK
ð23Þ
l ¼ @W
@C
ð24Þ
It follows that
dW ¼ siKdFiK þ ldC ð25Þ
Substituting Eqs. (23) and (24) into Eqs. (19)–(22) leads to
@siK
@XK
þ Bi ¼ 0 in Xo ð26Þ
@l
@XK
¼ 0 in Xo ð27Þ
siKNK ¼ Ti or dxi ¼ 0 on C0 ð28Þ
l ¼ ~l or NKdIk ¼ 0 on C0 ð29Þ
Eqs. (26)–(29) can be considered as the equilibrium conditions of
the hydrogel with the environment. Eqs. (26) and (28) constitute
the well-known solid mechanical equilibrium equations while
Eqs. (27) and (29) stipulate that the chemical potential of the mol-
ecule inside the hydrogel is homogeneous and equal to the chemical
potential of the external solution or no molecular exchange hap-
pens between the external solution and gel.
3. A free energy model for hydrogel
The ﬁeld theory of temperature sensitive hydrogel has been for-
mulated by Cai and Suo (2011). We follow their ﬁeld theory to con-
struct the free energy model for temperature sensitive hydrogel.
Since the crosslink density is typically very low, we assume that
the crosslink density affects negligibly the interaction between
the monomers and the solvent molecules. Hence the Helmholtz
Free energy of the hydrogel is considered to be contributed from
(i) the stretching of the network and (ii) the mixing of the polymer
and the solvent independently, such that
W ¼ Wstretch þWmix ð30Þ
whereWstretch is due to the stretching of network andWmix is the en-
ergy due to the mixing of the polymers and the solvent.
The free energy due to the stretching of a network of polymer is
taken to be (Flory, 1953)
Wstretch ¼ 12NkT½FikFik  3 2 logðdetFÞ ð31Þ
The energy of mixing of the long polymer with the solvent is taken
to be (Flory, 1942; Huggins, 1941)
Wmix ¼ kT Clog tC1þ tC þ
vC
1þ tC
 
ð32Þ
where N is the number of polymer chains per unit dry volume, kT is
the temperature in terms of energy, m is the volume per water mol-
ecule, F is the deformation gradient relative to the dry network, C is
the nominal concentration of solvent water molecule and v is a
dimensionless measure of the strength of pairwise interactions be-
tween species. This parameter v is used to ﬁt experimental data in
the following form (Huggins, 1964):
vðT;/Þ ¼ v0 þ v1/ ð33Þ
where
v0 ¼ A0 þ B0T; v1 ¼ A1 þ B1T ð34Þ
and
/ ¼ 1
1þ tC ð35Þ
/ is the volume fraction of the polymer in the hydrogel. The values
of A0,B0,A1 and B1 vary for different kinds of hydrogel.
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chemical potential must be a constant at the equilibrium state, we
introduce another free-energy function W^ with F,l and T as inde-
pendent parameters via Legendre transform.
W^ðF; T;lÞ ¼ W  lC ð36Þ
Taking the variational of Eq. (36) in view of Eq. (25) leads to
dW^ ¼ siKdFiK  Cdl ð37Þ
so that,
siK ¼ @
~W
@FiK
ð38Þ
As the stress level in hydrogel is low and the volumetric change due
to physical association of molecules is small compared to the volu-
metric change due to imbibing molecules, we assume that the mol-
ecules are incompressible and there is no pore inside hydrogel. A
constraint relation between F and C is expressed as (Hong et al.,
2008)
detðFÞ ¼ 1þ mC ð39Þ
Using Eqs. (30)–(33) and (39), we obtain the energy density func-
tion as
W^ðF; T;lÞ ¼ 1
2
NkT J
2
3I1  3 2 logðJÞ
h i
þ KT
m
ðJ  1Þ log J  1
J
 
þ ðJ  1Þ  v0
J
þ v1
J2
 !" #
 l
m
ðJ  1Þ ð40Þ
where v0 and v1 have been given in Eq. (34).
Substitute Eq. (40) into Eq. (38), we get
sik ¼ NKTðFik HikÞ þ J log J1J
 
þ 1
J
þv0 v1
J2
þ2v1
J3
" #
Hik lv JHik
ð41Þ
where H is the transpose of the inverse of the deformation gradient
F. This equation of state relates the nominal stress to the deforma-
tion gradient when the gel is hold at a constant chemical potential
and constant temperature.
Recall a relation in continuum mechanics connecting the true
stress r and the nominal stress S
rij ¼ sikFjkdetF ð42Þ
Combine Eqs. (41) and (42) and in view of the relation, HikFjk = dij,
we obtain
rij
kT=m
¼Nm
J
ðFikFjkdijÞþ log J1J
 
þ1
J
þ v0v1
J2
 !
þ2X1
J3
" #
dij lkT dij
ð43Þ
Eq. (43) relates the true stress to the deformation gradient when the
gel is held at a constant chemical potential and constant tempera-
ture. Some simple cases can be solved analytically through this
equation.
4. Finite element approach
When J = 1 in Eq. (40), the free energy density is singular. This
singularity problem can be remedied by choosing any reference
state with J > 1.0 (Hong et al., 2009). In current study, we adopt
as the reference state, a free state where the network is under no
mechanical load, and equilibrates with a solvent of chemicalpotential lo at certain temperature T0. Thus we need to get the
relation between lo,T0 and the stretch ratio ko
Speciﬁcally for free swelling, k1 ¼ k2 ¼ k3 ¼ k0; J ¼ k30 and Fij =
k0dij, substitute these equations into Eq. (41), and let i = 1, j = 1
and dij = 0, we get
Nm
k30
k20  1
 þ log 1 1
k30
 !
þ 1
k30
þ v0  v1
k60
þ 2v1
k90
 !
¼ l0
KT0
ð44Þ
Relative to the dry network, the state of the free swelling can be
characterized by the deformation gradient
F0 ¼
k0 0 0
0 k0 0
0 0 k0
2
64
3
75 ð45Þ
Let F0 be the deformation gradient and J0 be the volume ratio relative
to the free-swelling state, then:
F ¼ F0F0 ð46Þ
J ¼ k30J0 ð47Þ
Using the free-swelling state as the reference state, we rewrite the
nominal free-energy density as
W^ 0ðF0;lÞ ¼ k30 W^ðF;lÞ ð48Þ
Combining Eqs. (40), (47) and (48) yields
W^ 0ðF0;lÞ ¼ k30
(
1
2
NKT k20J
023I132log k30J0
 h i
þKT
m
k30J
0 1  log k30J0 1
k30J
0
 !
þ k30J0 1
  v0
k30J
0 þ
v1
k60J
02
 !" #
l
m
k30J
0 1 
)
ð49Þ
Eq. (49) provides the basis for furnishing the UHYPER codes for
ABAQUS, a ﬁnite element package.
The free energy density function introduces ﬁve material
parameters Nm,A0,B0,A1,B1. Nm is a dimensionless measure of the
polymer chain density in the dry network. The values of
A0,B0,A1,B1 vary depending on the types of hydrogel. Since the val-
ues of these parameters for a particular polymer: poly (N-isopro-
pylacrylamide) (PNIPAM) are readily provided by Afroze et al.
(2000) as:
A0 ¼ 12:947; B0 ¼ 0:04496; A1 ¼ 17:92; B1 ¼ 0:0569
ð50Þ
We shall adopt the above properties of PNIPAM gels in the examples
presented herein. To fully deﬁne the material in the subroutine, we
also need to provide the initial temperature T0, the initial chemical
potential of the external solution l0 and the corresponding swelling
ratio k0 satisfying Eq. (44).
5. Phase transition
Phase transition phenomena have been observed and studied
by many researchers (Dusek and Patterson, 1968; Suzuki and Ishii,
1999; Tanaka, 1978). The phase transition temperature is referred
to as the temperature of the coexistent state, at which a sharp vol-
ume transition can be observed. Since gel’s swelling process can be
referred to as a hydrated reaction, then different phases imply dif-
ferent hydrated quantities of hydrogel, which are affected by dif-
ferent polymer structures and the combination of solvent
molecules with polymers. We assume that the gel may have two
different phases before and after phase transition temperature,
therefore the variation of temperature leads to different hydrated
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However, as the phase transition temperature can be affected by
many factors, such as the mechanical boundary condition and
the chemical potential of the external solutions, there is currently
no easy means to calculate the phase transition temperature. This
phase transition temperature is the temperature, at which the free
energy density functionW(F,l,T) has two local minima of equal va-
lue. Speciﬁcally, if the chemical potential is kept at a certain con-
stant value l0, at a particular temperature T⁄, the two local
minima of the free energy density function W(F,l,T) would occur
at two different deformation gradients F1 and F2, i.e.,
WðF1;l0; TÞ ¼ WðF2;l0; TÞ ð51Þ
Then the temperature T⁄ is referred to as the phase transition tem-
perature. In this study, we will evaluate the phase transition tem-
perature of hydrogel numerically.
6. Comparison of numerical solutions with analytical results
To study the phase transition temperature of hydrogel, a PNI-
PAM hydrogel cube is investigated and the cube is immersed in
water (l = 0) at certain temperature. We adopt 8-node brick ele-
ments to model the gel cube. In the modeling, the hydrogel block
is constrained to prevent rigid-body motion but is allowed to swell
freely. Based on Eq. (40), the free energy density function of the cu-
bic under free swelling can be written as:
W^ðJ;lÞ ¼ 1
2
NkT
"
3  J23  3 2 logðJÞ
#
þ KT
m
ðJ  1Þ log J  1
J
 
þ ðJ  1Þ

 v0
J
þ v1
J2
 !#
 lv ðJ  1Þ ð52Þ
where J can also be referred to as the volume ratio, and J ¼ VV0. V and
V0 stand for the current and reference volumes respectively; l = 0
since it is water. To have a better idea of phase transition tempera-
ture, we have plotted the free energy as a function of volume ratio
at three critical temperatures. As shown in Fig. 2 (a), at T = 304 K,
the free energy function has only one local minimum at large vol-
ume ratio, corresponding to a stable swollen state. At T = 306 K,
the free energy function also has only one local minimum but at a100 101
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Fig. 2. A hydrogel in equilibrium with water showing (a) the free energy as function of vo
the free energy at various temperatures.small volume ratio, corresponding to a stable shrinking state. How-
ever at T = 305 K, the free energy function has two local minimum
locations and one local maximum, corresponding to two stable
states and an unstable state where the smallest value corresponds
to the most stable state. In Fig. 2 (b), we have plotted the graph
for @w
@J ¼ 0, which gives all the local extreme different temperatures
and also numerical state value using the subroutine that we have
developed. From Fig. 2(b), it can be seen that numerical results
agree well with the analytical solutions. The average of the temper-
ature values at A and B gives a good estimate of the phase-transition
temperature. One point to be noted about the numerical computa-
tion is that it only gives one stable state at a time and cannot jumps
from one stable state to another stable state as it happens in nature.
Consequently, for the simulation in Fig. 2 (b), if one chooses the ini-
tial state on the right of point B, it will terminate at point B, but if
we start on the left of point A, it will converge to A.
To verify the correctness of our FEM model, we compared the
numerical solutions with analytical calculations and available
experimental data. We can construct an analytical volume-temper-
ature curve by searching for the global minimum of the free energy
density function. Using the special material model derived earlier
in Section 2 and the developed UHYPER, we can also obtain the vol-
ume-temperature curve numerically by FEM. Since the value for Nv
was not given in the report by Oh et al. (1998) and Suzuki and Ishii
(1999), we have to vary the value of the parameter Nv to ﬁt the
experiment data presented by them. The experimental data, ana-
lytical predictions and numerical results by FEM with various val-
ues of crosslink density are shown in Fig. 3 where the energy is
normalized by kT0. The symbol k is the Boltzmann constant, and
T0 = 300 K, kT0  4.14  1021J. It can be observed from Fig. 3 that
the crosslink density signiﬁcantly affects the volume change but al-
ter just mildly the phase transition temperature. We expect that
phase transition temperature of the hydrogel is affected by differ-
ent polymers, but not by the crosslink density of the polymer.
When the crosslink density changes, we assume that gel still swells
from one phase to another at about the same temperature.
As mentioned earlier, the phase transition temperature is a
function of many factors. We have to study the volume-tempera-
ture curves for hydrogel imbibed in the solutions of different
chemical potentials to gain better understanding of its behavior.
The analytical and numerical predictions as depicted in Fig. 4 show
that both the phase transition temperature and the volume-
temperature behavior change signiﬁcantly if the values of chemical1 2 3 4 5 6 7 8 9 10
4
5
5
5
6
Volume Ratio(J)
A
B
(b) 
lume ratio at different temperatures and (b) Volume that minimizes and maximizes
Fig. 3. The volume of the free-swelling hydrogel as functions of temperature. The
solid curves are obtained analytically for the free swelling of hydrogel at the three
values of crosslink density. The marks on the curves are the corresponding
numerical predictions. The triangle, circle and square symbols are experimental
data for different crosslink taken from Oh et al. (1998) and the diamond symbols
represent test results reported by Suzuki and Ishii (1999).
Fig. 4. The volume of the free-swelling hydrogel as functions of temperature
equilibrium with solutions of different values of chemical potential. The solid
curves are calculated for hydrogel at free swelling in four solutions of different
values of chemical potential. The symbols on the lines are the corresponding
numerical predictions.
Fig. 5. The stretch k of the free-swelling hydrogel as a function of chemical
potential at three different temperatures. The solid curves depict the analytical
values of stretch of hydrogel against the chemical potential at three different
temperatures. The symbols on the lines are the corresponding numerical
predictions.
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leads us to deduce that chemical potential of the external solvent
affects the combination of the polymer with solvent molecules.
Consequently, as the chemical potential decreases, gel volume in-
creases less at the lower phase transition temperature. Extensive
studies have been done on the stretch-chemical potential behavior
of neutral gels (Hong et al., 2009; Kang and Huang, 2010). If we
vary the chemical potential of the temperature-sensitive hydrogel
under a constant temperature, an interesting phenomenon is ob-
served. Based on the analytical and numerical predictions depicted
in Fig. 5, temperature-sensitive hydrogel seems also to demon-
strate a ‘‘phase-transition chemical potential’’ especially at low
temperature. Indeed, the chemical potential just plays a role anal-
ogous to that of temperature. It is apparent from Fig. 5 that hydro-
gel exhibits different volume behavior at different temperature
when the values of chemical potential vary. At different tempera-
ture, once the value of chemical potential reach certain level, the
altered combination of solvent molecular with the polymer of gel
leads to a dramatic change of the volume. This is also a phase tran-
sition process.7. Application of hydrogel large deformation
7.1. Swelling-induced bifurcation
We now turn to a swelling-induced bifurcation reported by
Yang’s research group (Zhang et al., 2008; Zhu et al., 2012). A
square lattice of cylindrical holes is fabricated in a layer of an elas-
tomer, which is constrained on a substrate. The layer swells in a
solvent when the temperature decreases. Each cylindrical hole col-
lapses into a slit, and the square lattice breaks the symmetry and
bifurcates into slits in alternating directions. We model a unit cell
containing quarters of four neighboring holes as shown in Fig. 6 (a).
We have used the temperature sensitive model with the parameter
Nv = 0.01, at an initial temperature of 303 K, which is also the
material model for the numerical examples that follow. When
the temperature decreases, the gel will swell and buckle.To en-
hance the visualization of the geometry of the model, we duplicate
the unit cell a few times. Some graphs of deformation and displace-
ment patterns at different stages are provided in Fig. 6. In each
von-Mises stress distribution pattern, the maximum value of the
von-Mises stress appears at the slit tip (similar to crack tip). From
the deformed conﬁguration, besides the highly inhomogeneous
deformation near the holes, a rotation in the center portion of
the unit cell is also observed.7.2. Buckling of swelling gel
The patterns arising from the differential swelling of the gels
are investigated experimentally and theoretically as a model for
the differential growth of living tissues (Liu et al., 2010; Mora
and Boudaoud, 2006). Here we use the deformation of the corona
geometry gel swelling of various dimensions as examples. The in-
ner edges of the annulus gel are clamped. Similar problems were
studied earlier through experiments reported by Mora and
Boudaoud (2006) and simulated using the inhomogeneous swell-
ing of the neutral gels by Liu et al. (2010). In their studies, disks
of stiffer gels are clamped to coronae of softer swelling gels.
No-swelling is assumed for hard gel. Mora and Boudaoud (2006)
observed that when an assembly of gel plate is swelling, the ﬂat
gel plate deforms and ﬁnally reaches a buckling pattern. In the
present study, the inner edge of annulus gel is assumed to be very
stiff and hence no swelling deformation. The ratio of the outer ra-
dius of the annulus ﬁlm gel and the initial thickness R0/H is kept
(e) (f) (g) 
(h) (i) (j) 
(a) (b) (c) (d) 
Fig. 6. A square lattice of cylindrical holes bifurcates into periodic structure of slits in alternating directions. The deformed patterns at four different stages are illustrated in
(a)–(d). while the displacement and von-Mises stress distribution patterns corresponding to the stages (b)–(d) are shown in (e)–(j) respectively.
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radius of the annulus gel ﬁlm to the outer radius of the annulus gel
ﬁlm, r0/R0, are, 1/3,1/2,2/3, and 3/4 in this simulation.
The ﬁnal deformed patterns of gel swelling are illustrated in
Fig. 7 (a)–(d). As expected, it is observed that the larger number
of buckling wave is associated with the increase in the inner radius
of the annulus. The results are consistent with Mora and Bou-
daoud’s experimental observation (2006). When the inner radius
is small or the ratio of r0/R0 becomes large, the ﬁnal deformed pat-
tern is the same as that noted for a circular plate where hyperbolic
paraboloid or saddle shape is normally generated. The von-Mises
stress distribution is also included in each case as depicted in
Fig. 7 (e)–(h). The maximum values of von-Mises stress concen-
trate at the inner edge of annulus gel ﬁlms. This is again in good
agreement with Mora and Boudaoud’s experimental observation
(2006); they noted that whenever the structure is accidentally bro-
ken, the failure always occurs within the connection area of bulk of
the softer portion.
7.3. Opening and closure of ﬂower
Natural growth and living organisms produce various fascinat-
ing complex patterns and shapes. It is interesting to understand
the physical mechanisms of these structural formations and defor-
mations of leaves and ﬂowers. These natural phenomena have long
been the subject of interest to numerous botanic scientists. The ra-
tional explanation on the opening and closure mechanisms of ﬂow-
ers is still not yet fully understood. As summarized by van Doorn
and van Meeteren (2003), the opening and closure of the ﬂower
is controlled by both endogenous and exogenous factors.In this paper, we use temperature-sensitive hydrogel to model
the opening and closure of a ﬂower. When the temperature de-
creases, the gel will swell and buckle. This corresponds to the
opening of the ﬂower at night. On the other hand, when the tem-
perature increases, the gel will shrink leading to the closure of
the ﬂower during the daytime. The deformation patterns of the
opening and closure processes of a ﬂower at various stages are
illustrated in isotropic views in Fig. 8(a)–(e) while Fig. 8 (f)–(j) de-
pict the corresponding top views of the ﬂower opening and closure
processes. An actual ﬂower in the opening and closure stages are
also illustrated in Fig. 8 (k) and (l) to reinforce the potential appli-
cations of the simulations.7.4. Buckling of thin ﬁlm
The bucking of the multilayered structures poses a serious chal-
lenge in the design and fabrication of the sandwich panels.
Mechanical instability of the soft material caused by the swelling
and consequently its buckling are often referred to as a failure
mechanism that affects the performance of the device. Recent
study indicates that the knowledge on the instability and the
appropriate remedial measures have a promising potential in
assembling complex patterns, in particular, in the fabrication of
novel devices such as stretchable electronics and microlens arrays.
As a result, a great number of experimental and theoretical studies
have been conducted to analyze and understand the bucking pat-
terns of a thin ﬁlm on substrate (Genzer and Groenewold, 2006;
Guvendiren et al., 2009; Liu et al., 2011; Song, 2010; Sultan and
Boudaoud, 2008; Yang et al., 2010).
Fig. 7. The displacement patterns, (a)–(d), and the von-Mises stress distribution, (e)–(h), of corona membrane gels for different inner radii; (a) and (e): r0/R0 = 1/3; (b) and (f):
r0/R0 = 1/2; (c) and (g): r0/R0 = 2/3; (d) and (h): r0/R0 = 3/4 (the ratio of outer radius and thickness R0/H = 30, the initial temperature T0 = 303 K).
Fig. 8. The deformation patterns of a ﬂower at different stages of the opening and closure processes; (a)–(e): the isotropic views of deformation patterns at different stages;
(f)–(j): the top views of deformation patterns at different stages; (k) and (l): an actual ﬂower at closure and opening stages.
Fig. 9. Schematic diagrams showing wrinkle formation through buckling of thin
ﬁlm in a bilayer system.
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buckling of a thin ﬁlm on substrate and the results are shown in
the Figs. 9 and 10. In the simulation, we use elastic material for
the substrate with the values of Young’s modules E = 2.5NkT0 and
Poisson’s ratio m = 0.33, where N,k,T0 have the same meaning as de-
ﬁned earlier in the material model for hydrogel. For the 3-D case,
the ratio between the edge length l, the thickness of the substrate
d, and the thickness of the gel t as shown in Fig. 9 is, l:d:t = 50:5:1.
All edges of the gel and substrate as well as the bottom of the
Fig. 10. The 3-D and 2-D deformation patterns of the bucking of a swollen thin
layer bound to a compliant substrate.
2618 Z. Ding et al. / International Journal of Solids and Structures 50 (2013) 2610–2619substrate are ﬁxed. For the 2-D case, the relationship between l,d, t
and the width w is l:d:w:t = 100:5:3:1. A regular pattern is ob-
served in both 2-D and 3-D cases as illustrated in Fig. 10. Similar
to the observation of the cylindrical hole collapsing into a slit in
alternating directions, the 3-D gel ﬁlm buckling is also deformed
into wave shapes in alternating directions. Further study can be
conducted on the dependency of the wavelengths k to the gel
dimensions and the Young’s modulus E of the substrate.
8. Concluding remarks
This paper focuses on inhomogeneous deformation in a swollen
temperature-sensitive hydrogel in equilibrium with a solvent and
mechanical load at varying temperature. We demonstrate that
the chemical potential is homogeneous and the value is equili-
brated or equal to that of the external solution. Adopting a speciﬁc
free energy density function, we successfully developed a ﬁnite
element method for equilibrium analysis of hydrogels. The theory
is implemented via a user-deﬁned subroutine in ABAQUS (the code
will be available on web of http://imechanica.org/node/14646).
After verifying successfully the proposed methods by comparing
the numerically simulated results with the analytical solutions,
we demonstrate the applications of the proposed approach in the
analyses of several complex phenomena such as swelling-induced
bifurcation, buckling of swelling gel, buckling of thin ﬁlm. We hope
that the proposed approach accompanied by the user-subroutine
would provide useful tools for future theoretical and experimental
endeavors on temperature-sensitive hydrogel.
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